We give some results concerning the orthogonality of the range and the kernel of a generalized derivation modulo the ideal of all compact operators.
(1.1)
Proof. Let λ 1 ,λ 2 ,...,λ n be eigenvalues of the diagonal operator N. Then, the operator N can be written under the following matrix form:
According to the following decomposition of Ᏼ:
Let |δ ij | and |X ij | be the matrix representations of S and X according to the above decomposition of Ᏼ. Then
Since S ∈ {N} (the commutant of N), we get S ij = 0 for i ≠ j. Consequently
Here * stands for some entry. As δ N (X)+S ∈ (Ᏼ), so S ∈ (Ᏼ) and the result of Gohberg and Kreȋn [2] Proof. Since N is a normal operator, Ᏼ 1 reduces N and the restriction N| Ᏼ 1 is a diagonal operator, then the Putnam-Fuglede's theorem guarantees that S * ∈ {N} .
Hence, Ᏼ 1 reduces S. Let
The result of Anderson [1] (applied to the Calkin algebra ᏸ(Ᏼ 2 ) \ (Ᏼ 2 )) guarantees that S 2 ∈ (Ᏼ). Since the normal operator N 2 is without eigenvalues and the selfadjoint operator S * 2 S 2 is compact and belongs to the commutant of N 2 , it results that S * 2 S 2 = 0 and thus S 2 = 0.
As N is a diagonal operator and S 1 ∈ {N 1 } , it follows from Lemma 2.1 that S 1 is compact and
Consequently, S is compact and 
(2.12)
Proof. Consider the operators L, T , and
Then Theorem 2.3 would imply that T is compact and pair (A, B) has the property (PF) (Ᏼ) , and AS = SB such that δ N,M (X) + S ∈ (Ᏼ), then S ∈ (Ᏼ) and
Before proving this result, we need the following lemma. 
Lemma 3.1. Let A, B ∈ ᏸ(Ᏼ). The following statements are equivalent: (1) the pair (A, B) has the property (PF) (Ᏼ) ; (2) if AT = T B, where T ∈ (Ᏼ), then R(T ) reduces A, ker(T ) ⊥ reduces B, and

A| R(T ) and B| ker(T ) ⊥ are normal operators.
Proof. (1)⇒(2). Since (Ᏼ) is a bilateral ideal and T ∈ (Ᏼ), then AT ∈ (Ᏼ). Hence, as AT = T B and (A, B) satisfies (PF) (Ᏼ)
Taking the two decompositions of Ᏼ,
Then we can write A and B on
where A 1 and B 1 are normal operators. Also we can write T and X on Ᏼ 2 into Ᏼ 1
3)
It follows from AT = T B that A 1 T 1 = T 1 B 1 . Since A 1 and B 1 are normal operators, then, by applying the Fuglede-Putnam's theorem, we obtain A *
Proof. Since the pair (A, B) satisfies the property (PF) (Ᏼ) , it follows by Lemma 3.1 that R(S) reduces A, ker(S) ⊥ reduces B, and A| R(S) and B| ker(S) ⊥ are normal operators.
(3.5)
It follows from
Since A 1 and B 1 are two normal operators, then it results from Corollary 2.4 that S 1 is compact and
in each of the following cases: 
